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Strongly anisotropic spin-orbit coupling (SOC) renormalization, off-diagonal SOC
terms, enhanced orbital magnetic moments, and tunable magnetic order are ob-
tained when the orbital off-diagonal spin and charge condensates are included in
the self consistent determination of magnetic order. This approach highlights the
rich interplay between orbital geometry and overlap, spin-orbit coupling, Coulomb
interactions, tetragonal distortion, and staggered octahedral tilting and rotation by
treating these on an equal footing within a unified framework. For moderate tetrag-
onal distortion, our investigation yields planar antiferromagnetic (AFM) order with
easy a − b plane and easy b axis anisotropies, and small canting of the dominantly
yz, xz orbital moments. For reduced tetragonal distortion, we find a tunable regime
wherein the magnetic order can be tuned (AFM or FM) by the bare SOC strength
and octahedral tilting magnitude. In this regime, with decreasing tetragonal distor-
tion, AFM order is maintained by progressively decreasing octahedral tilting.
2I. INTRODUCTION
The ruthenium-based quasi-two-dimensional square-lattice compounds A2RuO4
(A=Sr,Ca) with 4d4 electronic configuration have attracted renewed interest due to the
sensitivity of the low-energy physics of these systems to the complex interplay between
spin-orbit coupling (SOC), Coulomb interaction terms, tetragonal distortion, and octahedral
tilting and rotation. This complex interplay has a crucial role in the gradual transition
from strongly correlated metallicity in Sr2RuO4 to unusual magnetism in Ca2RuO4,
1–12
which exhibits coupled spin-orbital excitations with energy decreasing from zone center
to zone boundary, and pressure and chemical substitution induced magnetic reorientation
transition from antiferromagnetic (AFM) to ferromagnetic (FM) order, which is driven by
octahedral de-flattening and accompanied with decreasing octahedral tilting.
The ground state in the isoelectronic series Ca2−xSrxRuO4 has been successively driven
from an AFM insulator (x < 0.2) to AFM correlated metal (0.2 < x < 0.5), a nearly FM
metal (x ∼ 0.5), and finally to a non-magnetic Fermi liquid (x ∼ 2). The dominant effects
are only structural modifications due to the larger Sr ionic size, since the substitution is
isovalent.13 With increasing x, the distortion occurs in steps, resulting in removal of first the
flattening of the octahedra, then the tilting, and finally the rotation around the c axis14–16.
By the substitution induced structural distortions, only the magnetism of Ca2−xSrxRuO4 is
affected in the sequence given above, and not the electronic structure.
The Ca2RuO4 compound undergoes a peculiar non-magnetic metal-insulator transition
(MIT) at 356 K and a magnetic transition at TN ≈ 113 K with observed magnetic moment
of 1.3 µB.
14,17–19 The MIT is associated with a structural transition from L-phase (long
octahedral c-axis) to S-phase (short c-axis) due to the continuous flattening of octahedra till
the onset of magnetic order at TN.
20 Compared to the isoelectronic member Sr2RuO4,
13,14
this system has severe structural distortions due to the small Ca2+ ionic size, resulting in a
compression, rotation, and tilting of the RuO6 octahedra. Thus, the low-temperature phase
is characterized by highly distorted RuO6 octahedra and canted AFM order with moments
lying along the crystal b axis.15,21 Such transitions in Ca2RuO4 have been identified in
temperature,22 hydrostatic pressure,23,24 epitaxial strain,8 chemical substitution,13,23,25 and
electrical current studies.26,27
Earlier investigations of the magnetism in Ca2RuO4 were based on the S = 1 local mo-
3ment picture corresponding to the approximate electronic configuration yz1xz1xy2 in the
weak SOC limit. The local moments in the yz, xz orbitals originate from the octahedral
compression-induced large tetragonal crystal field (≈ 0.3 eV), which lifts the degeneracy of
the t2g states by lowering the xy orbital energy, resulting in nominally doubly occupied xy
orbital.5,16,20,28 Later, an alternative scenario was proposed in which the magnetism is of the
Van Vleck type,29,30 involving the t42g spin-orbit ground state with total angular momentum
J = 0. The proposal of excitonic behavior within this scenario has been applied for the
description of magnetic excitations in Ca2RuO4,
1,3,6,7,11 including the putative Higgs-like
mode at ∼ 50 meV reported in recent inelastic neutron scattering studies.3,4 However, the
J = 0 scenario is hard to reconcile with recent X-ray scattering, angle-resolved photoemis-
sion spectroscopy (ARPES) measurements, and first-principle studies.1,5,12,14,16,20,28,31 In this
context, it is important to note that in recent theoretical studies based on local-density ap-
proximation, dynamical mean-field theory, and many-body perturbation theory, the intrinsic
Higgs-like amplitude mode has been shown to be compatible with the first scenario.12
The rich phenomenology exhibited by Ca2RuO4 as discussed above highlights the complex
interplay due to intimately intertwined roles of structural distortion, octahedral tilting and
rotation, SOC, and Coulomb interaction terms. It is therefore important to treat these
physical elements on the same footing within a unified framework. Now, due to presence
of SOC and orbital mixing hopping terms induced by octahedral tilting and rotation, the
orbital off-diagonal spin and charge condensates will generally be finite, with imaginary and
real contributions from SOC and hopping terms, respectively. Since the Coulomb interaction
terms also generate contributions involving orbital off-diagonal spin and charge condensates,
which are then fed back within a self consistent calculation, the complex interplay between
the different physical elements is implicitly captured in the orbital off-diagonal condensates.
In this paper, we will therefore consider a realistic three-orbital interacting electron model
for Ca2RuO4 including SOC and structural features as discussed above, and carry out a self
consistent determination of magnetic order, focussing on the magnitude and role of the
orbital off-diagonal spin 〈ψ†µσψν〉 and charge 〈ψ†µ1ψν〉 condensates in determining the mag-
netic properties of the 4d4 ruthenate compounds, where µ, ν = yz, xz, xy orbitals in the t2g
manifold. We will show that these condensates generate strongly anisotropic SOC renormal-
ization and strongly enhanced orbital magnetic moments 〈Lx,y,z〉. Furthermore, for realistic
SOC strength, the reduced tetragonal distortion driven magnetic reorientation transition
4from planar antiferromagnetic (AFM) to c-axis ferromagnetic (FM) order is weakly tuned
by octahedral tilting, resulting in stabilization of AFM order by decreasing octahedral tilting,
which is in agreement with the observed behavior in Ca2−xSrxRuO4.
The structure of this paper is as follows. After introducing the three-orbital model and
Coulomb interaction terms in Sec. II, the SOC-induced easy-plane anisotropy and octahe-
dral tilting induced easy-axis anisotropy are discussed in Secs. III and IV. The Coulomb
interaction contributions involving orbital off-diagonal spin and charge condensates, and the
orbital magnetic moment and SOC renormalization are discussed in Secs. V and VI. Results
of the full self consistent determination of magnetic order including all orbital off-diagonal
condensates are presented in Sec. VII. The tunable magnetic regime obtained for reduced
tetragonal distortion and stabilization of AFM order with decreasing octahedral tilting are
discussed in Sec. VIII. Finally, some conclusions are presented in Sec. IX.
II. THREE ORBITAL MODEL AND COULOMB INTERACTIONS
In the three-orbital (µ = yz, xz, xy), two-spin (σ =↑, ↓) basis defined with respect to a
common spin-orbital coordinate system, we consider the Hamiltonian H = HSOC + Hcf +
Hband +Hint within the t2g manifold. The spin-orbit coupling term HSOC, which explicitly
breaks SU(2) spin rotation symmetry and therefore generates anisotropic magnetic inter-
actions from its interplay with other Hamiltonian terms, will be introduced in the next
section.
For the band and crystal field terms together, we consider:
Hband+cf =
∑
kσs
ψ†
kσs




ǫyz
k
′ 0 0
0 ǫxz
k
′ 0
0 0 ǫxy
k
′
+ ǫxy

 δss′ +


ǫyz
k
ǫ
yz|xz
k
ǫ
yz|xy
k
−ǫyz|xz
k
ǫxz
k
ǫ
xz|xy
k
−ǫyz|xy
k
−ǫxz|xy
k
ǫxy
k

 δs¯s′

ψkσs′
(1)
in the composite three-orbital, two-sublattice (s, s′ = A,B) basis. Here the energy offset
ǫxy (relative to the degenerate yz/xz orbitals) represents the tetragonal distortion induced
crystal field effect, and the band dispersion terms in the two groups, corresponding to
5hopping terms connecting the same and opposite sublattice(s), are given by:
ǫxy
k
= −2t1(cos kx + cos ky)
ǫxy
k
′
= −4t2 cos kx cos ky − 2t3(cos 2kx + cos 2ky)
ǫyz
k
= −2t5 cos kx − 2t4 cos ky
ǫxz
k
= −2t4 cos kx − 2t5 cos ky
ǫ
yz|xz
k
= −2tm1(cos kx + cos ky)
ǫ
xz|xy
k
= −2tm2(2 cos kx + cos ky)
ǫ
yz|xy
k
= −2tm3(cos kx + 2 cos ky). (2)
Here t1, t2, t3 are respectively the first, second, and third neighbor hopping terms for
the xy orbital. For the yz (xz) orbital, t4 and t5 are the NN hopping terms in y (x) and
x (y) directions, respectively, corresponding to π and δ orbital overlaps. Octahedral ro-
tation and tilting induced orbital mixings are represented by the NN hopping terms tm1
(between yz and xz) and tm2, tm3 (between xy and xz, yz). We have taken hopping pa-
rameter values: (t1, t2, t3, t4, t5)=(−1.0, 0.5, 0,−1.0, 0.2), and for the orbital mixing terms:
tm1=0.2 and tm2=tm3=0.15 (≈ 0.2/
√
2), all in units of the realistic hopping energy scale
|t1|=200meV.10,29,30 The choice tm2 = tm3 corresponds to the octahedral tilting axis oriented
along the −xˆ+ yˆ direction, which is equivalent to the crystal −a direction, as shown in Fig.
1. The tm1 and tm2,m3 values taken above approximately correspond to octahedral rotation
and tilting angles of about 12◦ (≈ 0.2 rad) as reported in experimental studies.24
For the on-site Coulomb interaction terms in the t2g basis (µ, ν = yz, xz, xy), we consider:
Hint = U
∑
i,µ
niµ↑niµ↓ + U
′
∑
i,µ<ν,σ
niµσniνσ + (U
′ − JH)
∑
i,µ<ν,σ
niµσniνσ
+ JH
∑
i,µ6=ν
a†iµ↑a
†
iν↓aiµ↓aiν↑ + JP
∑
i,µ6=ν
a†iµ↑a
†
iµ↓aiν↓aiν↑
= U
∑
i,µ
niµ↑niµ↓ + U
′′
∑
i,µ<ν
niµniν − 2JH
∑
i,µ<ν
Siµ.Siν + JP
∑
i,µ6=ν
a†iµ↑a
†
iµ↓aiν↓aiν↑ (3)
including the intra-orbital (U) and inter-orbital (U ′) density interaction terms, the Hund’s
coupling term (JH), and the pair hopping interaction term (JP), with U
′′ ≡ U ′ − JH/2 =
U − 5JH/2 from the spherical symmetry condition U ′ = U − 2JH. Here a†iµσ and aiµσ are
the electron creation and annihilation operators for site i, orbital µ, spin σ =↑, ↓, and the
density operator niµσ = a
†
iµσaiµσ, total density operator niµ = niµ↑ +niµ↓ = ψ
†
iµψiµ, and spin
6(a) (b)
FIG. 1: The common spin-orbital coordinate axes (x − y) along the Ru-O-Ru directions, shown
along with the crystal axes a, b. Octahedral tilting about the crystal a axis is resolved along the
x, y axes, resulting in orbital mixing hopping terms between the xy and yz, xz orbitals.
density operator Siµ = ψ
†
iµσψiµ, where ψ
†
iµ = (a
†
iµ↑ a
†
iµ↓). All interaction terms above are
SU(2) invariant and thus possess spin rotation symmetry in real-spin space. In the following,
we will take U = 8 in the energy scale unit (200 meV) and JH = U/5, so that U = 1.6eV,
U ′′ = U/2 = 0.8eV, and JH = 0.32eV. These are comparable to reported values extracted
from RIXS (JH = 0.34eV) and ARPES (JH = 0.4eV) studies.
11,31
For moderate tetragonal distortion (ǫxy ≈ −1), the xy orbital in the 4d4 compound
Ca2RuO4 is nominally doubly occupied and magnetically inactive, while the nominally half-
filled and magnetically active yz, xz orbitals yield an effectively two-orbital magnetic system.
Hund’s coupling between the two S = 1/2 spins results in low-lying (in-phase) and apprecia-
bly gapped (out-of-phase) spin fluctuation modes. The in-phase modes of the yz, xz orbital
S = 1/2 spins correspond to an effective S = 1 spin system. However, the rich interplay
between SOC, Coulomb interaction terms, octahedral tilting and rotation, and tetragonal
distortion results in complex magnetic behaviour which crucially involves the xy orbital, and
is therefore beyond the above simplistic picture. Before proceeding with the self-consistent
determination of magnetic order (Sec. VII), some of the important physical consequences
of the interplay between different elements are individually discussed below.
7III. SOC INDUCED EASY PLANE ANISOTROPY AND MAGNETIC
ANISOTROPY ENERGY
The bare spin-orbit coupling term (for site i) can be written in spin space as:
HSOC(i) = −λL.S = −λ(LzSz + LxSx + LySy)
=

(ψ†yz↑ ψ†yz↓)(iσzλ/2)

ψxz↑
ψxz↓

 + (ψ†xz↑ ψ†xz↓)(iσxλ/2)

ψxy↑
ψxy↓


+
(
ψ†xy↑ ψ
†
xy↓
)(
iσyλ/2
)ψyz↑
ψyz↓



+H.c. (4)
which explicitly breaks the SU(2) spin rotation symmetry. For the orbital angular momen-
tum operators, we have used the matrix representations:
Lz =


0 −i 0
i 0 0
0 0 0

 , Lx =


0 0 0
0 0 −i
0 i 0

 , Ly =


0 0 i
0 0 0
−i 0 0

 , (5)
in the three-orbital (yz, xz, xy) basis.
As the orbital “hopping” terms in Eq. (4) have the same form as spin-dependent hopping
terms iσ.t′
ij
, carrying out the strong-coupling expansion32 for the −λLzSz term to second
order in λ yields the anisotropic diagonal (AD) intra-site interactions:
[H
(2)
eff ]
(z)
AD(i) =
4(λ/2)2
U
[
SzyzS
z
xz − (SxyzSxxz + SyyzSyxz)
]
(6)
between moments in the nominally half-filled and magnetically active yz, xz orbitals. Cor-
responding to an effective single-ion anisotropy (SIA), this term explicitly yields preferential
x− y plane ordering for the parallel yz, xz moments enforced by relatively stronger Hund’s
coupling. The magnetic anisotropy energy (MAE) per site is thus obtained as:
∆MAE = E
AFM
g (θ = 0)− EAFMg (θ = π/2) =
8(λ/2)2S2
U
= 12.5 meV (7)
where θ is the polar angle, and we have taken bare SOC value λ = 1.0, S = 1/2, U = 8,
and the energy scale unit 200 meV. The MAE involves interplay between SOC and Coulomb
interactions, for moderate tetragonal distortion.
8IV. OCTAHEDRAL TILTING AND EASY-AXIS ANISOTROPY
While easy x − y plane anisotropy is directly induced by SOC, interplay between SOC
and staggered octahedral tilting in Ca2RuO4 yields an easy-axis anisotropy along the xˆ+ yˆ
direction, which is same as the crystal b direction. Orbital mixing hopping terms between
xy and yz, xz orbitals (Eq. 2) are generated by octahedral tilting. Together with the local
SOC spin-flip mixing terms between xy and yz, xz orbitals, these normal NN hopping terms
lead to effective spin-dependent NN hopping terms:
H ′eff =
∑
〈i,j〉,µ
ψ†iµ[−iσ.t′]ψjµ +H.c. (8)
for the magnetically active (µ = yz, xz) orbitals. The hopping terms are bond dependent,
with only finite t′x (t
′
y) between xz (yz) orbital in the x (y) direction. Within the usual strong-
coupling expansion, the combination of normal (t) and spin-dependent (t′x, t
′
y) hopping terms
generates Dzyaloshinski-Moriya (DM) interactions in the effective spin model:
[H
(2)
eff ]
(x,y)
DM =
8tt′x
U
∑
〈i,j〉x
xˆ.(Si,xz × Sj,xz) +
8tt′y
U
∑
〈i,j〉y
yˆ.(Si,yz × Sj,yz)
≈ 8t|t
′
x|
U
∑
〈i,j〉
(−xˆ+ yˆ).(Si × Sj) (9)
for t′x = −t′y = −ive and Si,xz ≈ Si,yz due to the relatively much stronger Hund’s coupling.
The effective DM axis (−xˆ + yˆ) is along the octahedral tilting axis, which is same as the
crystal a axis (Fig. 1).
The above DM interaction term favors spins lying in the plane perpendicular to the DM
axis, and induces spin canting about the DM axis. Intersection of the perpendicular plane
(φ = π/4, z) and the SOC-induced easy x−y plane yields φ = π/4 as the easy-axis direction.
Furthermore, canting of the yz, xz moments about the DM axis yields spin canting in the z
direction, as shown in Fig. 2(a).
In close analogy with the above effects of tilting, the staggered octahedral rotation about
the crystal c axis leads to orbital mixing hopping terms between yz, xz orbitals on NN sites,
and hence to effective spin-dependent NN hopping terms t′z in Eq. (8). The resulting effective
DM term −(8tt′z/U)zˆ.(Si × Sj) causes spin canting about the crystal c axis, as shown in
Fig. 2(b). The easy-axis anisotropy as well as the two spin cantings of the dominant yz, xz
moments are confirmed in the full self-consistent calculation discussed below. Also, the
9FIG. 2: Spin cantings about the (a) crystal a axis and (b) crystal c axis, due to the effective DM
interactions induced by the staggered octahedral tilting and rotation, respectively. Octahedral
tilting about the crystal a axis yields the magnetic easy axis along the crystal b (perpendicular)
direction.
effective spin dependent hopping terms discussed above are explicitly confirmed from the
electronic band structure features in the self consistent state.
It is convenient to first systematically introduce the different Coulomb interaction contri-
butions involving the orbital diagonal and off-diagonal spin and charge condensates, which
will then naturally lead to the interaction induced SOC renormalization and coupling of
orbital magnetic moments to orbital fields.
V. ORBITAL OFF-DIAGONAL SPIN AND CHARGE CONDENSATES
We consider the various Coulomb interaction terms in Eq. (3) in the Hartree-Fock (HF)
approximation, starting first with the contributions involving normal (orbital diagonal) spin
and charge condensates. The resulting local spin and charge terms can be written as:
[HHFint ]normal =
∑
iµ
ψ†iµ [−σ.∆iµ + Eiµ1]ψiµ (10)
where the spin and charge fields are self-consistently determined from:
2∆αiµ = U〈σαiµ〉+ JH
∑
ν<µ
〈σαiν〉 (α = x, y, z)
Eiµ = U〈niµ〉
2
+ U ′′
∑
ν<µ
〈niν〉 (11)
10
in terms of the local charge density 〈niµ〉 and the spin density components 〈σαiµ〉. For
〈nyz〉 = 〈nxz〉, the Coulomb renormalized tetragonal splitting is obtained as:
δ˜tet = ǫ˜xz,yz − ǫ˜xy = (ǫxz,yz − ǫxy) + [Eyz,xz − Exy]
= δtet +
[
U〈nyz,xz〉
2
+ U ′′〈nyz,xz + nxy〉
]
−
[
U〈nxy〉
2
+ 2U ′′〈nyz,xz〉
]
= δtet + (U
′′ − U/2)〈nxy − nyz,xz〉 (12)
which shows that the Coulomb renormalization identically vanishes for the realistic relation-
ship U ′′ = U/2 for 4d orbitals, as discussed in Sec. II.
The additional contributions resulting from the orbital off-diagonal spin and charge con-
densates play an important role in the self consistent determination of magnetic order. The
contributions from the different Coulomb interaction terms are summarized in the Appendix,
and can be grouped in analogy with Eq. (10) as:
[HHFint ]OOD =
∑
i,µ<ν
ψ†iµ [−σ.∆iµν + Eiµν1]ψiν (13)
where the orbital off-diagonal spin and charge fields are self-consistently determined from:
∆iµν =
(
U ′′
2
+
JH
4
)
〈σiνµ〉+
(
JP
2
)
〈σiµν〉
Eiµν =
(
−U
′′
2
+
3JH
4
)
〈niνµ〉+
(
JP
2
)
〈niµν〉 (14)
in terms of the corresponding condensates 〈σiνµ〉 ≡ 〈ψ†iνσψiµ〉 and 〈niνµ〉 ≡ 〈ψ†iν1ψiµ〉. For
each orbital pair (µ, ν) = (yz, xz), (xz, xy), (xy, yz), there are three components (α = x, y, z)
for the spin condensates 〈ψ†µσαψν〉 and one charge condensate 〈ψ†µ1ψν〉. This is analogous
to the three-plus-one normal spin and charge condensates for each of the three orbitals
µ = yz, xz, xy. Before proceeding with the full self consistent calculation, we first discuss how
the most dominant off-diagonal condensates Im〈ψ†µψν〉 and Im〈ψ†µσαψν〉 result in coupling
of orbital moments to orbital fields and interaction induced SOC renormalization.
VI. ORBITAL MAGNETIC MOMENT AND SOC RENORMALIZATION
The off-diagonal charge condensates 〈ψ†µψν〉 directly yield the orbital magnetic moments:
〈Lx〉 = 〈ψ†xz(−i)ψxy〉+ 〈ψ†xy(i)ψxz〉
= −i〈ψ†xzψxy〉+ i〈ψ†xzψxy〉∗ = 2Im〈ψ†xzψxy〉 (15)
11
and similarly for the other components. Accordingly, the charge term in Eq. (13), of
which only the anti-symmetric part is non-vanishing (see Appendix), can be represented as
a coupling of orbital angular momentum operators to orbital fields:
[HHFint ]chargeOOD (i)|anti−sym = −
U ′′c|a
2
∑
µ<ν
〈nµν〉Im
[
ψ†µ(−i)ψν +H.c.
]
= −U
′′
c|a
4
[〈Lx〉Lx + 〈Ly〉Ly + 〈Lz〉Lz] (16)
which corresponds to an effective isotropic interaction −(U ′′c|a/8)L.L between orbital mo-
ments, and will therefore enhance the 〈Lα〉 values in the HF calculation.
Turning now to the spin part of Eq. (13), the anti-symmetric part (see Appendix) can
be represented in terms of the spin-orbital operators:
[HHFint ]spinOOD(i)|anti−sym = −(U ′′s|a/2)
∑
µ<ν
〈σµν〉Im.
[
ψ†µ(−iσ)ψν +H.c.
]
= −
∑
α=x,y,z
[
λintα LαSα +
∑
β 6=α
λintαβLαSβ
]
(17)
where the interaction-induced SOC renormalization terms:
λintα = U
′′
s|aIm〈ψ†µσαψν〉 = U ′′s|a〈ψ†µ(−iσα)ψν〉Re = U ′′s|a〈LαSα〉 (18)
for the orbital pair µ, ν corresponding to component α. Although the off-diagonal SOC
terms (LαSβ) are smaller than the diagonal terms (λ
int
αβ < λ
int
α ), they are still significant as
shown in the next section.
Similarly, for the symmetric part we obtain:
[HHFint ]spinOOD(i)|sym = −(U ′′s|s/2)
∑
µ<ν
〈σµν〉Re.
[
ψ†µσψν +H.c.
]
(19)
representing the coupling of the orbital off-diagonal spin operators to real spin fields involving
the enhanced effective interaction U ′′s|s = U
′′ + 3JH/2. In the limit of bare SOC → 0, since
Im〈ψ†µψν〉 and Im〈ψ†µσαψν〉 are identically zero, the above term is the only surviving orbital
off-diagonal contribution, and that too only for finite octahedral tilting and rotation which
generate orbital mixing.
VII. SELF-CONSISTENT DETERMINATION OF MAGNETIC ORDER
It is instructive to first evaluate the magnitude of the orbital off-diagonal condensates in
the restricted self consistent state of [HSOC] + [Hband] + [HHFint ]normal. Calculated results for
12
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FIG. 3: Variation of the (a) SOC renormalization λintα = U
′′Im〈ψ†µσαψν〉 and (b) orbital magnetic
moment 〈Lα〉 = 2Im〈ψ†µψν〉, calculated from the orbital off-diagonal spin and charge condensates,
with tetragonal splitting δtet ≡ ǫyz,xz − ǫxy. Here U = 8 and effective SOC λeff = 2.
these condensates are given in Table I. The most dominant off-diagonal condensates are seen
to be Im〈ψ†µψν〉 and Im〈ψ†µσαψν〉, where the orbital pairs µ, ν correspond to the components
α = x, y, z as in Eq. (4). Fig. 3 shows the behavior of related physical quantities, reflecting
the reduced mixing between xy and yz, xz orbitals with increasing tetragonal distortion.
The octahedral tilting and rotation have been neglected here for simplicity. As seen in Fig.
3(a), for moderate tetragonal distortion (−ǫxy ≈ 1.0), the SOC renormalization is close to 1
for all three components α = x, y, z. As the effective SOC strength λeff = λ+λint was taken
as 2, this calculation is approximately self consistent for the bare SOC strength λ ≈ 1.
We now consider the full self consistent calculation including the orbital off-diagonal
spin and charge condensates. The magnetization and density values for the three orbitals
are presented in Table II, all off-diagonal spin and charge condensates in Table III, and
TABLE I: Off-diagonal spin and charge condensates evaluated for the three orbital pairs in the
restricted self consistent state. Here the effective SOC = 2.0, ǫxy = 0, and tm1,m2,m3 = 0.
Orbital pair 〈ψ†µσxψν〉 〈ψ†µσyψν〉 〈ψ†µσzψν〉 〈ψ†µ1ψν〉
yz − xz (A) (0.046,0) (0.046,0) (0,0.236) (−0.066,0)
xz − xy (A) (0,0.313) (0,0.066) (0.075,0) (0,−0.220)
xy − yz (A) (0,0.066) (0,0.313) (0.075,0) (0,−0.220)
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TABLE II: Self consistently determined magnetization and density values for the three orbitals (µ)
on the two sublattices (s), including the octahedral rotation and tilting.
µ (s) mxµ m
y
µ m
z
µ nµ
yz (A) 0.472 0.578 0.153 1.177
xz (A) 0.459 0.647 0.163 1.133
xy (A) 0.113 0.179 0.101 1.690
yz (B) −0.647 −0.459 0.163 1.133
xz (B) −0.578 −0.472 0.153 1.177
xy (B) −0.179 −0.113 0.101 1.690
the renormalized SOC values and orbital magnetic moments in Table IV. The strongly
anisotropic SOC renormalization, strongly enhanced orbital moments, and the off-diagonal
SOC terms highlight the important role of orbital off-diagonal condensates. Here U = 8,
ǫxy = −0.8, the bare SOC value λ = 1, and the staggered octahedral rotation (tm1 = 0.2) and
tilting (tm2 = tm3 = 0.15) have been included. The off-diagonal SOC terms (LαSβ) in Eq. 17
have significant magnitude. For example, from Table III we obtain λintxy ≈ U ′′ × 0.126 ≈ 0.5
on the A sublattice, whereas the bare SOC = 1.0.
As seen from Table II, the dominant yz, xz moments show the expected cantings in and
about the z direction due to the octahedral tilting and rotation (Sec. IV). However, there is
an additional small relative canting between the yz, xz moments. To understand the origin
of this effect, we consider the real part of the off-diagonal charge condensate 〈ψ†xzψyz〉 as
given in Table III. The corresponding charge term in Eq. (13) yields a normal “hopping”
term −(λ0/2)ψ†yzψxz, and the combination of this normal and spin-dependent ψ†yz(iσzλ/2)ψxz
“hopping” terms yields an effective intra-site DM interaction:
[H
(2)
eff ]
(z)
DM(i) = −
8(λ0/2)(λ/2)
U
zˆ. (Syz × Sxz) (20)
which leads to relative canting between the yz and xz moments about the z axis. The
overall −ive sign of the DM term favors canting of Syz towards x axis and Sxz towards
y axis. Repeating the calculation with the same parameters as above but without the
octahedral rotation, so that the overall canting about the z direction is suppressed, yields
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TABLE III: Self consistently determined off-diagonal spin and charge condensates for the three
orbital pairs on the two sublattices.
Orbital pair 〈ψ†µσxψν〉 〈ψ†µσyψν〉 〈ψ†µσzψν〉 〈ψ†µ1ψν〉
yz − xz (A) (0.066,0.030) (0.071,0.025) (0.018,0.169) −(0.089,0.067)
xz − xy (A) (0.026,0.281) (0.057,0.126) (0.079,0.039) −(0.061,0.245)
xy − yz (A) (0.042,0.108) (0.053,0.333) (0.081,0.034) −(0.073,0.289)
yz − xz (B) −(0.071,0.025) −(0.066,0.030) (0.018,0.169) −(0.089,0.067)
xz − xy (B) (0.053,0.333) (0.042,0.108) −(0.081,0.034) (0.073,0.289)
xy − yz (B) (0.057,0.126) (0.026,0.281) −(0.079,0.039) (0.061,0.245)
magnetization values mxyz = m
y
xz = ±0.56 and myyz = mxxz = ±0.52 on A and B sublattices,
which clearly show this relative canting effect.
Fig. 4 shows the orbital resolved electronic band structure in the self consistent AFM state
calculated for the two cases: (a) including only normal condensates and effective SOC, and
(b) including all off-diagonal spin and charge condensates along with octahedral rotation
and tilting. The band structure shows the narrow AFM sub bands for the magnetically
active yz, xz orbitals above and below the Fermi energy due to the dominant exchange field
splitting. The relatively smaller splitting between the xy sub bands (both below EF) is due
to the weaker effect of yz, xz moments through the Hund’s coupling. The octahedral tilting
and rotation are seen to introduce fine splittings due to the orbital mixing hopping terms.
Comparison of Figs. 4 (a) and (b) shows that the broad features such as energy and
TABLE IV: Self consistently determined renormalized SOC values λα = λ + λ
int
α and the orbital
magnetic moments 〈Lα〉 for α = x, y, z on the two sublattices. Bare SOC = 1.0
s λx λy λz 〈Lx〉 〈Ly〉 〈Lz〉
A 1.898 2.065 1.540 −0.490 −0.578 −0.134
B 2.065 1.898 1.540 0.578 0.490 −0.134
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FIG. 4: Calculated electronic band structure in the self-consistent AFM state for moderate tetrag-
onal distortion: (a) without and (b) with all off-diagonal spin and charge condensates included,
along with octahedral tilting and rotation. Colors indicate dominant orbital weight: red (yz),
green (xz), blue (xy). Here U = 8, ǫxy = −0.8, effective SOC = 2.0 in (a) and bare SOC = 1.0 in
(b).
dispersion of bands (related to spin and charge densities, SOC, and band terms) are ap-
proximately captured in the restricted self consistent calculation (a). However, the strong
orbital mixing seen in the band structure (b) reflects the role of orbital off-diagonal spin and
charge condensates in the full self consistent calculation.
We summarize here the results obtained above for moderate tetragonal distortion (ǫxy ∼
−1.0), with all orbital off-diagonal spin and charge condensates included in the self consistent
calculation. With nearly half filled yz, xz orbitals and nearly filled xy orbital, the AFM
insulating state is characterized by dominantly yz, xz moments lying in the SOC induced
easy (a − b) plane and aligned along the octahedral tilting induced easy (b) axis, with
small canting of moments in and about the crystal c axis. The Coulomb renormalization
incorporated by including the orbital off-diagonal condensates leads to strongly enhanced
orbital magnetic moments 〈Lx〉 and 〈Ly〉 and strongly anisotropic renormalized SOC values
(λx, λy > λz). The spin cantings become negligible when octahedral tilting and rotation are
set to zero. Spin canting in the c direction has been recently observed in resonant elastic
X-ray scattering experiments.6
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FIG. 5: (a) Magnetic phase boundary between AFM and FM orders in the small SOC regime with
and without the octahedral tilting included, showing that AFM order is stabilized by decreasing
octahedral tilting. (b) For fixed SOC and with decreasing tetragonal distortion, the AFM order is
maintained in the tunable regime (II) by progressively decreasing the octahedral tilting.
VIII. STABILIZATION OF AFM ORDER BY DECREASING OCTAHEDRAL
TILTING — TUNABLE MAGNETIC ORDER
For moderate tetragonal distortion (ǫxy ∼ −1), planar AFM order with small c axis
canting is obtained in the full self consistent calculation with octahedral tilting and rotation
included. However, with decreasing tetragonal distortion, a sharp magnetic reorientation
transition from the dominantly a− b plane AFM order to a dominantly c axis FM order was
obtained recently.33 With respect to orbital averaged magnetic orders defined as:
mx−yAFM = (1/3)
∑
µ
[(
mxµ(A)−mxµ(B)
2
)2
+
(
myµ(A)−myµ(B)
2
)2]1/2
mzFM = (1/3)
∑
µ
mzµ (21)
the planar AFM order was found to decrease sharply across the transition, while the FM
(z) order (which is same for both sublattices) increases sharply. The electronic state was
found to remain insulating down to ǫxy = 0, with filling n = 4. AFM correlations were seen
to persist even after the transition to FM (z) order. The transition is obtained only when
the off-diagonal condensates are included.
In the following, we will focus on the effects of octahedral tilting and rotation on the
stability of AFM order in the small SOC regime. The magnetic phase boundary between
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AFM and FM orders is shown in Fig. 5 for the two cases: (i) with and (ii) without the
octahedral tilting included. The octahedral rotation was found to affect the reorientation
transition only weakly, and was therefore retained here for simplicity. Fig. 5(a) shows that
the AFM order is stabilized by decreasing octahedral tilting. Within the tunable regime,
the magnetic order can be tuned (AFM or FM) by the octahedral tilting magnitude.
With decreasing octahedral tilting, the NN hopping term |t4| for the yz, xz orbitals will
increase slightly, which will stabilize the AFM order due to enhanced interaction energy
(∼ 4t24/U). Therefore, for fixed SOC and with decreasing tetragonal distortion (|ǫxy|), the
AFM order will be maintained in the tunable regime (II) by progressively decreasing the
octahedral tilting, as illustrated in Fig. 5(b). This picture is in agreement with the finding
that with increasing x in the isoelectronic series Ca2−xSrxRuO4, the structural changes
occur in steps, with removal of first the flattening of the octahedra (decreasing tetragonal
distortion), then the tilting, and finally the rotation around the c axis.14–16
Fig. 6 shows the stabilization of AFM order with decreasing octahedral tilting, which is
equivalent to decreasing orbital mixing hopping terms tm2,m3. Here, we have taken ǫxy =
−0.7 corresponding to the midpoint of the tunable regime (Fig. 5) at bare SOC = 0.5,
which corresponds to the realistic SOC value of 100 meV. Therefore, as expected from
linear behavior, the transition from FM to AFM order occurs near the middle. Although
FM order is obtained at the midpoint (tm2 = 0.075), AFM order becomes stable here when
|t4| is increased slightly from 1.0 to 1.1 to incorporate the improved orbital overlap with
decreasing tilting as discussed above.
Fig. 5(a) shows that the tetragonal distortion driven reorientation transition is weakly
tuned by SOC and octahedral tilting. The stabilization of AFM order by decreasing octahe-
dral tilting can be understood in terms of an effective |ǫxy|. The octahedral tilting induces
inter-site orbital mixing between xy and xz, yz orbitals (tm2 and tm3), which effectively re-
duces |ǫxy| due to orbital dependent energy shifts. Decreasing octahedral tilting has the
opposite effect and thus enhances the effective |ǫxy|, which stabilizes the AFM order.
Finally, we consider the special case of bare SOC = 0. In this case, Im〈ψ†µψν〉 and
Im〈ψ†µσαψν〉 are identically zero. However, the reorientation transition still occurs with
decreasing |ǫxy|, which is ascribed to finite real parts of the orbital off-diagonal condensates,
resulting from octahedral tilting and rotation induced orbital mixing. Now, if the octahedral
tilting and rotation are also turned off, then both the real and imaginary parts of the orbital
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FIG. 6: Stabilization of AFM order with decreasing octahedral tilting.
off-diagonal condensates identically vanish, the full self consistent calculation reduces to the
restricted case (Sec. VII), and there is no reorientation transition down to ǫxy = 0. A
crossover occurs at very small SOC, beyond which there is a transition even without tilting,
as seen in Fig. 5. It should be noted that since there is no SU(2) spin rotation symmetry
breaking for SOC = 0, there is no magnetic anisotropy. The above discussion illustrates
how all elements get treated on the same footing in our approach by including the orbital
off-diagonal condensates. The reorientation transition occurs irrespective of whether the
orbital mixing originates from octahedral tilting (SOC=0) or finite SOC (tilt=0).
IX. CONCLUSIONS
Including the orbital off-diagonal spin and charge condensates in the self consistent deter-
mination of magnetic order provides a unified framework for understanding the rich magnetic
behaviour of the 4d4 compound Ca2RuO4, and illustrates the complex interplay between the
different physical elements. These include tetragonal distortion induced dominantly yz, xz
moments, SOC induced easy-plane anisotropy and planar AFM order, octahedral tilting
induced easy-axis anisotropy, SOC induced strong orbital magnetic moments and coupled
spin-orbital fluctuations, Coulomb interaction induced strongly anisotropic SOC renormal-
ization, octahedral tilting induced small canting of moments, and reduced tetragonal dis-
tortion induced reorientation transition from AFM to FM order. This transition is weakly
tuned by SOC and octahedral tilting, resulting in a tunable magnetic order regime wherein
the AFM order is maintained by progressively decreasing octahedral tilting magnitude.
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Appendix: Orbital off-diagonal condensates in the HF approximation
The additional contributions in the HF approximation arising from the orbital off-diagonal
spin and charge condensates are given below for reference. For the density, Hund’s coupling,
and pair hopping interaction terms, we obtain (for site i):
U ′′
∑
µ<ν
nµnν → −U
′′
2
∑
µ<ν
[nµν〈nνµ〉+ σµν .〈σνµ〉] + H.c.
−2JH
∑
µ<ν
Sµ.Sν → JH
4
∑
µ<ν
[3nµν〈nνµ〉 − σµν .〈σνµ〉] + H.c.
JP
∑
µ6=ν
a†µ↑a
†
µ↓aν↓aν↑ →
JP
2
∑
µ<ν
[nµν〈nµν〉 − σµν .〈σµν〉] + H.c. (A.1)
in terms of the orbital off-diagonal spin (σµν = ψ
†
µσψν) and charge (nµν = ψ
†
µ1ψν) oper-
ators. The orbital off-diagonal condensates are finite due to the SOC-induced spin-orbital
correlations. These additional terms in the HF theory explicitly preserve the SU(2) spin
rotation symmetry of the various Coulomb interaction terms.
Collecting all the spin and charge terms together, we obtain the orbital off-diagonal
(OOD) contributions of the Coulomb interaction terms:
[HHFint ]OOD =
∑
µ<ν
[(
−U
′′
2
+
3JH
4
)
nµν〈nνµ〉+
(
JP
2
)
nµν〈nµν〉
−
(
U ′′
2
+
JH
4
)
σµν .〈σνµ〉 −
(
JP
2
)
σµν .〈σµν〉
]
+H.c. (A.2)
Separating the condensates 〈nµν〉 = 〈nµν〉Re + i〈nµν〉Im into real and imaginary parts in
order to simplify using 〈nνµ〉 = 〈nµν〉∗, and similarly for 〈σµν〉, allows for organizing the
OOD charge and spin contributions into orbital symmetric and anti-symmetric parts:
[HHFint ]OOD = −
U ′′c|s
2
∑
µ<ν
〈nµν〉Re [nµν +H.c.]−
U ′′c|a
2
∑
µ<ν
〈nµν〉Im [−inµν +H.c.]
− U
′′
s|s
2
∑
µ<ν
〈σµν〉Re. [σµν +H.c.]−
U ′′s|a
2
∑
µ<ν
〈σµν〉Im. [−iσµν +H.c.] (A.3)
where the effective interaction terms above are obtained as:
U ′′c|a = U
′′
s|a = U
′′ − JH/2 = U − 3JH
U ′′s|s = U
′′ + 3JH/2 = U − JH
U ′′c|s = U
′′ − 5JH/2 = U − 5JH (A.4)
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using JP = JH. While the effective interaction U
′′
s|s (spin term, symmetric part) is enhanced
relative to U ′′, the corresponding charge term interaction U ′′c|s vanishes for JH = U/5.
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